In this paper, we study the F P -projective dimension under changes of rings, especially under (almost) excellent extensions of rings. Some descriptions of F Pinjective envelopes are also given.
Introduction
Throughout this paper, all rings are associative with identity and all modules are unitary. We write M R ( R M ) to indicate a right (left) R-module, and freely use the terminology and notations of [1, 4, 9] .
A right R-module M is called F P -injective [11] if Ext 1 R (N, M ) = 0 for all finitely presented right R-modules N .
The concepts of F P -projective dimensions of modules and rings were introduced and studied in [5] . For a right R-module M , the F P -projective dimension f pd R (M ) of M is defined to be the smallest integer n ≥ 0 such that Ext n+1 R (M, N ) = 0 for any F P -injective right R-module N . If no such n exists, set f pd R (M ) = ∞. M is called F P -projective if f pd R (M ) = 0. We note that the concept of F P -projective modules coincides with that of finitely covered modules introduced by J. Trlifaj (see [12, Definition 3.3 and Theorem 3.4]). It is clear that f pd R (M ) measures how far away a right R-module M is from being F P -projective. The right F P -projective dimension rf pD(R) of a ring R is defined as sup{f pd R (M ) : M is a finitely generated right R-module} and measures how far away a ring R is from being right noetherian (see [5, Proposition 2.6] ).
Let C be a class of right R-modules and M a right R-module. A homomorphism φ : M → F with F ∈ C is called a C-preenvelope of M [4] if for any homomorphism f : M → F with F ∈ C, there is a homomorphism g : F → F such that gφ = f . Moreover, if the only such g are automorphisms of F when F = F and f = φ, the C-preenvelope φ is called a C-envelope of M . A C-envelope φ : M → F is said to have the unique mapping property [3] if for any homomorphism f : M → F with F ∈ C, there is a unique homomorphism g : F → F such that gφ = f . Following [4, Definition 7.1.6], a monomorphism α : M → C with C ∈ C is said to be a special C-preenvelope of M if coker(α) ∈ ⊥ C, where ⊥ C = {F : Ext 1 R (F, C) = 0 for all C ∈ C}. Dually we have the definitions of a (special) C-precover and a C-cover (with unique mapping property). Special C-preenvelopes (resp., special C-precovers) are obviously C-preenvelopes (resp., C-precovers).
Denote by FP R (resp., FI R ) the class of F P -projective (resp., F Pinjective) right R-modules. In what follows, special FP R -(pre)covers (resp., FI R -(pre)envelopes) will be called special F P -projective (pre)covers (resp., F P -injective (pre)envelopes).
We note that (FP R , FI R ) is a cotorsion theory (for the category of right R-modules) which is cogenerated by the representative set of all finitely presented right R-modules (cf. [4, Definition 7.1.2]). Thus, by [4, Theorem 7.4.1 and Definition 7.1.5], every right R-module M has a special F Pinjective preenvelope, i.e., there is an exact sequence 0 → M → F → L → 0, where F ∈ F I R and L ∈ F P R ; and every right R-module has a special F Pprojective precover, i.e., there is an exact sequence 0 → K → F → M → 0, where F ∈ F P R and K ∈ F I R . We observe that, if α : M → F is an F Pinjective envelope of M , then coker(α) is F P -projective, and if β : F → M is an F P -projective cover of M , then ker(β) is A ring S is said to be an almost excellent extension of a ring R [14, 15] if the following conditions are satisfied:
(1) S is a finite normalizing extension of a ring R [10] , that is, R and S have the same identity and there are elements
Further, S is an excellent extension of R if S is an almost excellent extension of R and S is free with basis s 1 , · · · , s n as both a right and a left R-module with s 1 = 1 R . The concept of excellent extension was introduced by Passman [7] and named by Bonami [2] . The notion of almost excellent extensions was introduced and studied in [14, 15] as a non-trivial generalization of excellent extensions.
In this paper, we first study the F P -projective dimension under changes of rings. Let R and S be right coherent rings (i.e., rings such that every finitely generated right ideal is finitely presented) and ϕ : R → S be a surjective ring homomorphism with S projective as a right R-module and flat as a left R-module. It is proven that f pd S (M ) = f pd R (M ) for any right S-module M S , and hence rf pD(S) ≤ rf pD(R).
Let S be a finite normalizing extension (in particular, an (almost) excellent extension) of a ring R. It is well known that R is right noetherian if and only if S is right noetherian [8, Proposition 5] . It seems natural to generalize descent of right noetherianess to right F P -projective dimensions in the case when S is an (almost) excellent extension of a ring R. We show that if R and S are right coherent rings and S is an almost excellent extension of R, then f pd R (M ) = f pd S (M ) for any right S-module M S , and rf pD(S) ≤ rf pD(R), the equality holds if rf pD(R) < ∞. We also show that, for a right coherent ring R, rf pD(R) ≤ 2 and every (resp. F P -injective) right R-module has an F P -projective envelope if and only if every (resp. F P -injective) right R-module has an F P -projective envelope with the unique mapping property.
Although the class of F P -injective R-modules is not enveloping (a class C is enveloping if every R-module has a C-envelope) (see [12, Theorem 4.9] ), an individual R-module may have F P -injective envelopes. Some descriptions of an F P -injective envelope of an R-module are given. For example, it is shown that, if M R has an F P -injective envelope and is a submodule of an F P -injective right R-module L, then the inclusion i : M → L is an F P -injective envelope of M if and only if L/M is F P -projective and any endomorphism γ of L such that γi = i is a monomorphism if and only if L/M is F P -projective and there are no nonzero submodules N of L such that M ∩ N = 0 and L/(M ⊕ N ) is F P -projective. It is also shown that if R is a right coherent ring and M R has an F P -projective cover, then M R has a special F P -injective preenvelope α : M → N such that N has an F P -projective cover. Finally we consider F P -projective precovers under almost excellent extensions of rings. Let S be an almost excellent extension of a ring R, it is proven that if θ :
Results
We start with Lemma 2.1. Let ϕ : R → S be a surjective ring homomorphism with S R projective and M S a right S-module (and hence a right R-module).
Proof. (1) . Since M S is finitely presented, there is an exact sequence 0 → K → P → M → 0 of right S-modules with K finitely generated and P finitely generated projective. Since ϕ : R → S is surjective, it is easy to see that K is a finitely generated right R-module and P is a finitely generated projective right R-module by [9, Theorem 9.32] (for S R is projective). Therefore M is a finitely presented right R-module.
(2). If M S is F P -projective, then M S is a direct summand in a right Smodule N such that N is a union of a continuous chain, (N α : α < λ), for a cardinal λ, N 0 = 0, and N α+1 /N α is a finitely presented right S-module for all α < λ (see [12, Definition 3.3] ). By (1) , N α+1 /N α is a finitely presented right R-module for all α < λ. So M R is F P -projective.
Lemma 2.2. Suppose that ϕ : R → S is a ring homomorphism with S flat as a left
Proof. If N is a finitely presented right R-module, then there is an exact sequence 0 → K → P → N → 0 of right R-modules with K finitely generated and P finitely generated projective. Since R S is flat, we have the following right S-module exact sequence
Note that K ⊗ R S S is a finitely generated right S-module, P ⊗ R S S is a finitely generated projective right S-module, and so N ⊗ R S S is a finitely presented right S-module.
Since M S is F P -injective, we have Ext 
(2) follows from (1).
Lemma 2.3. Let S be an almost excellent extension of a ring R and M S a right S-module. Then (1) M S is finitely presented if and only if M R is finitely presented. (2) M S is F P -injective if and only if M R is F P -injective if and only if Hom R (S, M ) is an F P -injective right S-module. (3) M S is F P -projective if and only if
Proof. (1) . " ⇒ ". Since M S is finitely presented, there is an exact sequence 0 → K → P → M → 0 of right S-modules with K finitely generated and P finitely generated projective.
Thus K R is finitely generated, and so is P R . On the other hand, P R is projective since P S and S R are projective. Therefore M R is finitely presented.
"⇐". If M R is finitely presented, then there is an exact sequence 0 → K → P → M → 0 of right R-modules with K finitely generated and P finitely generated projective. Since R S is flat, we have the following right S-module exact sequence
Note that K ⊗ R S S is finitely generated, P ⊗ R S S is finitely generated projective, and so M ⊗ R S S is finitely presented. Since M S is isomorphic to a direct summand of M ⊗ R S S by [15, Lemma 1.1 (1)], M S is finitely presented.
(2). Suppose that M S is F P -injective. Let L be a finitely presented right R-module. Since R S is flat, we have the following isomorphism
by [9, Theorem 11.65] . By the proof of (1), L ⊗ R S is a finitely presented right S-module, and so Ext
Now suppose that M R is F P -injective. Let N S be a finitely presented right S-module, then N R is a finitely presented right R-module by (1), and so Ext 
Proof. We first claim that f pd R (M ) ≤ f pd S (M ). Without loss of generality, we may assume that f pd S (M ) = n < ∞. Then, by [5, Proposition 3.1], there exists an exact sequence
where each P i is an F P -projective right S-module. Note that each P i is also an F P -projective right R-module by Lemma 2.3 (3), and hence f pd R (M ) ≤ n by [5, Proposition 3.1] again.
Now we prove that f pd
of right R-modules, where each P i is an F P -projective right R-module. Since R S is flat, we have the following exact sequence
On the other hand, we have f pd
Corollary 2.1. Let R and S be right coherent rings.
(1) If S is an almost excellent extension of R, then rf pD(S) ≤ rf pD(R). (2) If S is an excellent extension of a ring R, then rf pD(S) = rf pD(R).
Proof.
(1) follows from Theorem 2.1.
(2). Since S is an excellent extension of R, R is an R-bimodule direct summand of S. Let R S R = R ⊕ T , and M R be any right R-module.
and hence rf pD(R) ≤ rf pD(S). So we have the desired equality by (1). 
Theorem 2.2. Let S be an almost excellent extension of a ring R. If R and S are right coherent and rf pD(R) < ∞, then rf pD(S) = rf pD(R).

Proof. It is enough to show that rf pD(R) ≤ rf pD(S)
On the other hand, by Theorem 2.1, we get f pd
pD(S). Therefore rf pD(R) ≤ rf pD(S), as desired.
Remark 2.1. We note that if S is an almost excellent extension of a ring R, then R is right coherent if and only if S is right coherent by [15, Theorem 1.9]. So the condition "R and S are right coherent" in the previous discussion can be replaced by "either R or S is right coherent".
It is known that every right R-module has an epic F P -projective envelope if and only if rf pD(R) ≤ 1 and any direct product of F P -projective right R-modules is F P -projective (see [6, Theorem 6.3] ). Now we have
Proposition 2.2. If every right R-module has an epic F P -projective (pre)envelope, then FP R is closed under inverse limits.
Proof. Let {C j , ϕ l j } be any inverse system with C j F P -projective. By hypothesis, lim ← C j has an epic F P -projective preenvelope α : lim 
w w n n n n n n n n n n n n n n
Cj by the definition of inverse limits, and hence α is an isomorphism. So lim ← C j is F P -projective. Next we consider when every right R-module has an F P -projective envelope with the unique mapping property. (1) Every (resp., F P -injective) right R-module has an F P -projective envelope with the unique mapping property; (2) rf pD(R) ≤ 2 and every (resp., F P -injective) right R-module has an F P -projective envelope.
Proof. (2) ⇒ (1). Let M be any (resp., F P -injective) right R-module. Then M has an F P -projective envelope f : M → F by (2) . It is enough to show that, for any F P -projective right R-module G and any homomorphism g : F → G such that gf = 0, we have g = 0. In fact, there exists β : M → ker(g) such that iβ = f since im(f ) ⊆ ker(g), where i : ker(g) → F is the inclusion. Note that ker(g) is F P -projective by [5, Proposition 3.1] since f pd R (G/im(g)) ≤ 2. Thus there exists α : F → ker(g) such that β = αf , and so we get the following exact commutative diagram
Note that (iα)f = f , and hence iα is an isomorphism since f is an envelope. Therefore i is epic, and so g = 0.
(1) ⇒ (2). Let M be any right R-module. Then we have the following exact sequences 0
are special F P -projective precovers respectively, then C and F 2 are F Pinjective. Thus we get an exact sequence
Let θ : F 2 → H be an F P -projective envelope with the unique mapping property. Then there exists δ : H → F 1 such that ψ = δθ. Thus ϕδθ = ϕψ = 0, and hence ϕδ = 0, which implies that im(δ) ⊆ ker(ϕ) = im(ψ). So there exists γ : H → F 2 such that ψγ = δ, and hence we get the following exact commutative diagram
Note that ψγθ = ψ, and so γθ = 1 F2 since ψ is monic. Thus F 2 is isomorphic to a direct summand of H, and hence F 2 is F P -projective. Therefore f pd R (M ) ≤ 2 by [5, Proposition 3.1], and so rf pD(R) ≤ 2. Following [11] , the F P -injective dimension of a right R-module M , denoted by F P -id(M ), is defined to be the smallest integer n ≥ 0 such that Ext n+1 R (F, M ) = 0 for all finitely presented right R-modules F (if no such n exists, set F P -id(M ) = ∞), and r.F P -dim(R) is defined as sup{F P -
It is well known that for a right coherent ring R, every (F P -projective) right R-module has a monic F P -injective cover if and only if R is right semi-hereditary (see [6, Corollary 4.2] ). The next result may be regarded as a dual of Theorem 2.3.
Proposition 2.3. The following are equivalent for a right coherent ring R:
(1) Every (resp., F P -projective) right R-module has an F P -injective cover with the unique mapping property; (2) r.F P -dim(R) ≤ 2, and every (resp., F P -projective) right R-module has an F P -injective cover.
For an individual module M , it is well known that an injective module N containing M as a submodule is an injective envelope of M if and only if N is an essential extension of M . As is known to all, every module has an injective envelope. However, F P -injective envelopes may not exist in general (see [12] ). If M has an F P -injective envelope, we get the following descriptions of an F P -injective envelope of M .
Theorem 2.4. Suppose that a right R-module M has an F P -injective envelope. Let M be a submodule of an F P -injective right R-module L.
Then the following are equivalent: (
Thus µν is an isomorphism, and so µ is epic. In addition, by (4), νµ is monic, and hence µ is monic. Therefore µ is an isomorphism, and so i is an F P -injective envelope of M .
(
Since L/M is F P -projective, i is a special F P -injective preenvelope. Thus we have the following commutative diagram with an exact row.
Note that σ M is an F P -injective envelope, and hence gf is an isomorphism. Without loss of generality, we may assume gf = 1. Write α = ϕg : L → Q. It is clear that α is epic and M ∩ ker(g) = 0. Next we show that M ⊕ ker(g) = ker(α).
is F P -projective by Wakamatsu's Lemma. Thus ker(g) = 0 by hypothesis, and hence g is an isomorphism. So i : M → L is an F P -injective envelope.
Note that i is an envelope, and so βπ is an isomorphism, whence π is an isomorphism. But this is impossible since π(N ) = 0. We note that the equivalence of (1) and (5) Assume that R is a Prüfer domain and the quotient field Q of R has projective dimension greater than or equal to 2. Let M be a free R-module. Clearly, M is F P -projective, but M has no F P -injective envelopes by [12, Theorem 4.9] . This shows that a right R-module which has an F P -projective cover may have no F P -injective envelopes. However, we have the following Theorem 2.5. Let R be a right coherent ring. If a right R-module M has an F P -projective cover. Then M has a special F P -injective preenvelope α : M → N such that N has an F P -projective cover.
Proof.
Let θ : Q → M be an F P -projective cover of M .
Then there is an exact sequence 0
where K is F P -injective by Wakamatsu's Lemma.
Note that Q has a special F P -injective preenvelope, so there is an exact sequence
projective. Thus we have the following pushout diagram
which is also a pullback diagram. Note that N is F P -injective by [11, Lemma 3 .1] since R is right coherent. So α is a special F P -injective preenvelope of M . In addition, D is F P -projective since Q and L are. Therefore β is a special F P -projective precover of N . Now let γ be an endomorphism of D with βγ = β. Then β(γf ) = βf = αθ. By the property of pullback, there exists h : Q → Q such that θh = θ and f h = γf . Thus h is an isomorphism since θ is an F P -projective cover. Let γ(d) = 0 for some d ∈ D, then β(d) = βγ(d) = 0, and so d = f (q) for some q ∈ Q. Thus f h(q) = γf (q) = 0, and hence q = 0. Therefore d = 0, and so γ is monic. On the other hand, for any t ∈ D, βγ(t) = β(t), and so γ(t) − t = f (s) for some s ∈ Q. Then t = γ(t) + f (s) = γ(t + f h −1 (s)). Thus γ is epic, and hence an isomorphism. So β is an F P -projective cover of N .
(1) ⇒ (3). By the proof of (1) ⇒ (2), we have that Hom R (S, K) ∈ F I S . Note that Hom R (S, N ) ∈ F P R since N R is F P -projective, S R and R S are both finitely generated free. Thus Hom R (S, N ) ∈ FP S by Lemma 2.3 (3), and hence (3) follows.
(3) ⇒ (2). Suppose θ * : Hom R (S, N ) → Hom R (S, M ) is a special F Pprojective precover of Hom R (S, M ), then there exists a right S-module exact sequence
with Q S ∈ F I S and Hom R (S, N ) ∈ F P S . The rest is similar to that of (1) ⇒ (2). The proof of (1) ⇔ (4) is similar to that of (1) ⇔ (3). Proof. By Theorem 2.6, it is enough to prove the second condition of an F P -projective cover. Suppose αθ = θ, where α is an S-module endomorphism of N S . Then the equality is still true when α and θ are viewed as R-homomorphisms. So α is an R-isomorphism since N R is an F Pprojective cover of M R . Therefore α * : Hom R (S, N ) → Hom R (S, N ) is an S-isomorphism. Note that N S is isomorphic to a direct summand of Hom R (S, N ), it follows that α is an S-isomorphism, as required. We conclude the paper with the following proposition which is the dual of Theorem 2.6 and Corollary 2.3. 
